THE £i-INDEX OF TSIRELSON TYPE SPACES 
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Abstract. If a and /3 arc countable ordinals such that /3 ^ 0, denote by ^ 
the completion of cqq with respect to the implicitly defined norm 

1 ^ 
= max{||x||co , — sup 

where the supremum is taken over all finite subsets E\ , . . . , Ej of N such that 
El < ■ ■ ■ < Ej and {mini?i, . . . , min £ Sfj. It is shown that the Bourgain 

^-'--index of Tq_^ is In particular, if ti^i > a = ■mi + - ■ ■+u>°''^ -mn 

in Cantor normal form and a„ is not a limit ordinal, then there exists a Banach 
space whose -index is lu" . 

Let E he a separable Banach space not containing a copy of £^ . The complexity 
of the i!^(n)'s inside E may be measured by Bourgain's ^^-index ||^ or by locating so 
called i'^-spreading models Q. It is easy to see that the existence of £;!j-spreading 
models implies a large ^-'^-index. In general, the implication is not reversible j7| Re- 
mark 6.6(i)]. However, suppose that T is the standard Tsirclson space constructed 
by Figiel and Johnson Q (the dual of the original Tsirelson space [0). It is known 
that there is a constant K such that every normalized block basic sequence in T is 
if-equivalent to a subsequence of the unit vector basis of T (see e.g., Using 
this observation, one can show that the existence of £^-block trees in T with large 
indices leads to the existence of large ^^-spreading models. The result can be used 
to calculate the ^^-index of T. In this paper, we show that a similar method can 
be applied to certain general Tsirelson type spaces. In particular, it is shown that 
if oji > a = w"^ • mi -I- • ■ • -f w"" • rn„ in Cantor normal form and is not a limit 
ordinal, then there exists a Banach space whose ^^-index is w". This gives a partial 
answer to Question 1 in 0. 

If M is an infinite subset of N, denote the set of all finite, respectively infinite 
subsets of M by [M]<°°, respectively [M]. A subset T of [N]<°° is hereditary if 
G & T whenever G <^ F G J-. J- is spreading if whenever F = {ni, . . . , n^} G J- 
with ni < • • • < TZfe and mi < ■ ■ ■ < ruk satisfies > Ui for 1 < i < fc then 
{mi,...,TOfc} G JT. ^ is compact if it is compact in the product topology in 
2^^. A set J- of finite subsets of N is called regular if it has all three properties. 
If E and F are finite subsets of N, we write E < F, respectively < i^, to 
mean laaxE < minF, respectively maxi? < mini^ (max0 — and min0 = oo). 
We abbreviate {n} < E and {n} < E to n < E and n < E respectively. Given 
T C [N]^°°, a sequence of finite subsets {Ei, . . . , En} of N is said to be jF-admissible 
if £'i < • ■ • < i?„ and {minimi, . . . , miniJ„} e J^. If Al and TV are regular subsets 
of [N]<°°, we let 

M[J\f] = {liLlP^ ■■ F.eJV for all i and {Fi, Ffc}A/-admissible} 



and 
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{M,M) = {M UN : M <N, M e M and N e N} . 

We also write M.^ for {AA^M) . Of primary importance are the Schreier classes as 
defined in Let 5o = {{n) : n e N}U{0} and 5i = {i^ C N : |F| < mini^}. Here 
|F| denotes the cardinality of F. The higher Schreier classes are defined inductively 
as follows. iSq+1 = iSi[iSa] for all a < uji. If a is a countable limit ordinal, choose 
a sequence (a„) strictly increasing to a and set 

5a = {F : F e 5c,„ for some n < \F\}. 

It is clear that Sa is a regular family for all a < lui. If M = {mi, m2, . . . ) is a 
subsequence of N, let Sa{M) = {{nii : i & F} : F e Sa}- Since Sa is spreading, 

SaiM) C Sa- 



Let Coo be the space of all finitely supported sequences. If F G 



and 



a = {an) & Coo, let Fa — (6„) S cqo, where 6„ = a„ if n S F and otherwise; also 
set crp((a„)) = X^nsF l*^"!- Finally, H Sq C T C [N]^°°, define an associated norm 
II • lU on Coo by ||(a„)||^ = sup^^^ crF((a«))- 

Definition 1. Let a, (3 be countable ordinals such that f3 =/= 0. Define \ 



and 



In' e 



11=^1 



n+1 



inductively as follows. Le< ||-||q 

r (^JL 

max< ||a;||„ , sup 



I 4 = 1 



{El 



\-\\g^ -Ifxe Coo, set 
,Ej} Sp -admissible \ 



and 



In+l 



sup ■ 



i=l 



Fixjl^ : {Fi, Fj} [Sp)^ -admissible 



Note that (||a;|| 
£^-norm of x. Let jjx 



n)nGN ^''^^ (INIIn)„gN ^'''^ increasing sequences majorized by the 
= lim ||a;||„ and ||a;|L 



lim ||a;||'^ . Denote by Ta,p and 



Ta,f3 respectively the completion of coo under the norms ||-||~ and ||-||w . Clearly, 

To.i is the Tsirelson space constructed by Figiel and Johnson j|] and To_^ is the 

space denoted by T [Sp, i) in 0. The ^^-index of To,/3 is shown to be w^ "^ in 0. 

Here, we use a different argument to compute the £^-indices of the spaces Ta^p- 
The next proposition can be verified immediately. 



Proposition 2. The norms \\-\\~ and 



max ■ 



' sup 



I i=l 



satisfy the implicit equations 



{Fi, Fj} Sp- admissible 



and 



m\~ = max. 



I5„ ' 



sup 




F,x||. :{Fi,. 



' Ej} {Sp)^ -admissible 



for all X e Coo- 
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Proposition ^ is a close relative of Lemma 5 in Q . It is the key observation that 
allows us to reduce £^-block trees on Tq,/? to subsequences of the unit vector basis 

(e„) of Ta.p- The following lemma is easily established by induction. 

Lemma 3. Suppose that ni < Ii < n2 < I2 < ■■■ < n-k < Ik and \Ij\ < 2 for 
^ < j < k. //{ni, 712, e Sp for some (3 < wi, then [jj^i Ij e {Sp f . 

Obviously, the coordinate unit vectors (w„) is a normalized 1-unconditional basis 

of Ta,i3- The support of an element x — ^ a„u„ g Ta,p is the set supp x = 
{n : o„ 7^ 0} . 

Proposition 4. For every \\-\\~ -normalized block basis {xi,X2, ■■■,Xp) in and 

all (afc) e Coo, 



p 




P 


akXk 


< 2 




k=l 


T 


fc=i 



for all (ofe) G Coo, where ik = maxsuppxfc, and (e„) is the unit vector basis ofTa^/s- 

Proof. With the notation as above, we prove by induction that ||X]fe=i < 
2 IIELi Ofce^Ji;^ for all n G NU {0} , (afc) G cqo- 

To establish the inequality for the case n = 0, let / G 5q . Define J = {k : I D supp x 
Then 



I k=l 

< lofcl llxfcllo 



keJ 

< ^ |afc| = X! '^*='^*'= ' "^here L = {ik ■ k e J} . 

keJ \k=l ) 

p 

OfcCi^. , since L € Sa- 

k=i 



< 



Suppose the proposition holds for some n. Let {Ei, Eg} be 5/3-admissible. 
Without loss of generality, we may assume that Ei,...,Eq are successive integer 
intervals, that for all j, ii^^nsuppsfc ^ for some fc, and that ip < max Eg. Also 
let Ik be the integer interval [ik-i + 1, ifc] (io = 0). Let A ~ {j : Ej ^ Ik for any k} 
and B ^ {j : j ^ A} . For j G A, set i7j = {k : h C Ej} and Gj = {zfc : fc G Hj} . 
Then define Fj = (Ej n {n, ip}) \ Gj. Note that < Gj for aU j G A. If j G B, 
set Gj = Ej n {ii, ip} . 
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It follows from Lemma ^ that (Fj)j^j^U{Gj)''^^-^ is (5^) '^-admissible. Finally, let 
J = {k:ki UjeAHj, Ik n (U Ej) 0} . Now 



E 



\fc=i / 



E 



-^j' I E E + E 



9 

=^E 



E E "fe^fe 



VfceJ y 



E 




akXk 


9 

+ E 










\keH, J 






\keJ / 



^E 

^^E 



k£Hj 



■Y.\ak\Y.\\E,Xkl 
kej j=i 



keJ 



<2|E 

-IE 



E "'^^^'^ 

k&Hj 



+ 2^ |afc| |lxfc||„+i 

.7 

y^ jofcl by inductive hypothesis, 



fee J 
I 



+ E 

keJ 



If fc e J, then either {ifc} = i^j for some j G A or {ife} = Gj for some j G -B. 
Therefore 



Ei«^i=^E 

feeJ jeA 



\fc=i / 



+ E 



\fc=i 



Hence 



E 



\fc=i y 



^2E 

+ 2E 



\fc=i / 

/ P N 
Gj XI 



+ 2E 

j6A 



\k=l 



-IE 



Ej E 

\fc=i / 



E 



Gj E 



< 4 



E '^^^^^ 
fc=i 



as (i^jOjg^ U (Gj)|^^ is (5,3) -admissible. 



n+l 
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Thus 







P 


1 


Ej akXkj 


< 2 








n 


fc=i 


n+l 



-t 

3 = 1 

whenever {Ei, ...^Eq] is 5/3-admissible. It follows that 



p 




P 


1 




< 2 








n+1 




n+1 



This completes the induction. □ 

Let a,/3 be countable ordinals. Define the families [J-n) , i^n) > (Sn) and (CJ^) 
inductively as follows: To = J-'q ~ Sa, Qi — Sf}, Q[ — (Sp)'^ , for all n eN, 

J^n+l = Sfj [Tn] , = {Spf [J>J , Gn+l = Sp [Gn] and, Q'^^^ = {Spf [Q'J . 

It is easily verified that Gn [■Sa] = ^n, Q'n [Sa] = J^'n, Gn [Sp] = Gn+i and 
G'n (Sp)'^ = G'n+i for all n G N. For each n e N, denote the norms ||-||^ and 
[\-[\-p, by p„ and p[-^ respectively. 

Proposition 5. For all a e cqo, a?^rf anneNU{0}, |la|l~ > ^p„ (a) . 

Proof. The proof is by induction on n. The case n = is clearly true by definition. 
Suppose the result holds for some n. Let E S J^n+i- Then E = Ui=i-^ij where 
Ei,...,Ej e < ... < Ej, and i?^} is iS^-admissible. For any a = 

(a-k) G Coo, 



E = E E ^ E (^^«) ^ 2" E ii^^«iIt ^ 2"+' ii«ii 

fcGB i=l keEi 1=1 i=l 

Since £ J-n+i is arbitrary, the result follows. 



□ 



Proposition 6. For all a G cqo, and all n £ 'N U {0} , 

||a||^ < E^ + ^sup|e : {Ei,...,E,} GUl-^dmlss^ble\ . 

j=0 I i=l ) 

Proof. The proof is by induction on n. The case n — Q holds by Proposition ^ 
Assume the result holds for some n. Let a e cqq. Suppose {Ei, ...,Ej} is G'n+r 

admissible. Let / = |i : ||_Eia||K = p'^ (£'ia)| and J — {1,2, j} \ /. For each 
i £ I, choose Di C iJj, Di G 5a, such that {Eio) = J2keDi l^*^! • ^ow D = 
^ieiDi G G'n+i [Sa] = ^'i+i- Hence 

(1) Ell^*«llf = E 

On the other hand, for each i £ J, there exist (5/3)^-admissible sets {El, , 
ElU ...UEl, C E, such that 

p=l 
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Now {mini;; : i e J, I < p < h] e [{S0f\ - e;+2- Hence {E^^^j^ ^^^^^^ 

is 5'i+2 admissible. Thus 



(2) 




Ff} tj^^2"a'dmissible > 



From the inductive hypothesis and inequahties and (H) we get 




where both suprema are taken over aU ^/,'j_|_2-admissible sets {-Fi, F^} . This com- 
pletes the induction. □ 

Endow [N]^°° with the product topology inherited from 2'**. If is a closed 
subset of [N] °° , let F' be the set of all limit points of F. Define a transfinite 
sequence of sets as follows; F"(°) = F, F("+i' = for all a < wi; 

F^"^ = n/5<Q •^'^^^ if a is a countable limit ordinal. 

Definition 7. ([§) Let T C [N]<°° he regular. Define l (T) to be the unique count- 
able ordinal a such that F'-"-' = {0} . 

Let F E M [TV] , F 7^ 0, where A4 and TV are regular families. There exists a 
largest fc G F such that F n [1, fc] e TV. Set Fi = F n [1, k] . If Fi, F2, F„_i have 

been defined and F \ Ur=i^ F, ^ 0, set F„ = \ Ur=i^ ^ [1, fc'] , where fc' is 
the largest integer in F such that ^F \ [j^Z^ F;^ n [1, fc'] G TV. Since F is finite, 

there exists an n such that F = IJlLi ^i- Now F G TM [TV] implies that there exists 
an TW-admissible collection {Gi,...,Gm} such that F — Ujli ^'^id G TV, 
1 < j < m. By the choice of F,;, and the fact that TV is hereditary, it is easy to 
see that minG^ < minF^, 1 < i < n. Thus {Fi,...,F„} is TM-admissible, as 
is spreading. We call (Fi)"^^ the standard representation of F (as an element of 
M [Af]). 

Remark 8. Suppose that {Fi)"^-^ and (G^)™ are the standard representations of 
F and G respectively. If ^, fc G TV are such that Fn[l,£] = Gn[l,£] and maxFfc < £, 
then by construction, Fi = Gi, 1 < i < k. 

Lemma 9. LetM,J\f C [N]^°° be regular. Suppose that l (TV) = a, then {M [TV])^"^ 
(A^(i)) [A/] . 

Proof. Let F G (M^^^) [N] , then F can be written as F = U^^^F^, where Fi < 
F2 < ... < F„, Fi,...,F„ G TV, and {minFi, minF„} G TM^^^. In particular, there 
exists fco > maxF such that {minFi, minF„, fc} G TM for all fc > fco. Therefore, 

(3) for all G GTV,minG > fco, FUG G TW [TV] . 
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Note that as Af is spreading, 

(4) L{{GeN':mmG>ko}) = L{JV)^a. 

From (|), 

({F U G : G e AA, minG > fco})^"' C {M [A^])^"' • 

But from (|), F £ ({F U G : G G TV, miiiG > fco})^"' ■ Hence F e {M [A/])'"^ . 

Conversely, we prove by induction that {M [M])''^^ C ((X^i)) [N] ,Af'^i^) for all 
7 < a. The cases where 7 = is clear. 

Suppose the claim is true for some 7 < a. Let F £ {A4 [Af])'"''^^'' with stan- 
dard representation (Fi)"^-^ as an element of M [Af] . Choose a sequence (G^) in 
{M [A/])^''^ C ((A4(i)) [A/] ,Af'--''^) that converges nontrivially to F. We may assume 
that Gfc n [1, min F„] = F n [1, min F„] for all k. Now we may write Gk = F^ U Q^, 
where Pk < Qu, Pk e {M^^'^) [A/] and Qfc e A/'^'^). Let F = [^1^ Fi. Note that 
F e (A/J*^^^) [A/] . We consider two cases. 

Case 1. There exists k such that minFji € Pk- 

In this case, F fl [l,maxF„_i] = F n [l,maxF„_i] = Gfe n [l,maxF„_i] = 
Ffc n [l,maxF„_i] . It is clear that {Fi)^^^ is the standard representation of F as 
an element of (A^^^-*) [A/] . By Remark ||, the standard representation of Pk as an 
element of (A/f^^^) [M] has the form (Fi, F„„i, F^", F^!") . In particular, 

{min Fl, minF„_i, min F„} = {min Fi, min F„_i, minF^} G A^^^^ 

Thus F = Ur=i ^» e (A4(i)) [A/] C ((A^(i)) [A/] , A/'(t+i)) , as required. 
Case 2. Suppose min F„ ^ F^ for all fc e N. 

In this case, Gk H [min F„, cx)) C Qj, for all k. Hence Gk H [min F„,cx)) e7V('^) for 
all k. Furthermore, Gk H [min F„ , cxd) converges to Fn [min F„ , 00) = F„ nontrivially. 
Thus F„ e 7V(^+i). Therefore F = F U F„ e ((A^^^)) [A/] , A/'^'^+i^) , as required. 

Suppose 7 < a is a limit ordinal and the result holds for all rj < 7. Let F £ 
(A4 [TV])^''^ have standard representation (F^)"^^ as an element of A4 [A/] . By the 
inductive hypothesis, for each 77 < 7, F = F,,UQ,,, where F,, < P-q £ (A/(^^^) [A/] 
and G AA^''^ . By the argument in case 1 above, if there exists 77 such that min F„ £ 
F^, then F e (A/j(i)) [AA] C ((A^(i)) [A/] ,A/'('')) . Otherwise, F„ C e A/'^") for 

aU 77 < 7. Hence F = (Ui^/ U F„ e ((A^^^^) [TV] ,7V('')) . This completes the 
induction. □ 



Proposition 10. Let A/(, AA C [N] °° fee regular. Suppose that t{Af) — a. Then 
for all /3<uji,{M [N])^"-"^ = {M^^^) [M] . 



8 



DENNY H. LEUNG AND WEE-KEE TANG 



Proof. The proof is by induction on /3. The case P — is clear. Suppose the result 
is true for some (3. Then 

~ ^^A^''^'^ by the inductive hypothesis, 

= [AA]^ by Lemma |, 

= (a^(^+i)) [A/] . 

Suppose the proposition is true for all /3 < /3o, where /3o < oji is some limit ordinal. 
Clearly, 

(a((*')) [AA] c fl (ai(«) [A] = fl (A( [AA])^"-''^ - {M [Al)^"-''"^ . 

/3</3o /3</3o 

On the other hand, let F S r\f3<po {M^'^^) [A] have standard representation 
as an element of A4 [A/] . It is clear that (^i)r=i ^^^'^ standard representation of 
F as an element of {M'-'^'^) [A] for any < /Jg. In particular, {mini^^ : 1 < i < n} G 
Al^'^) for all P < Po- Hence {miuF^ : 1 < i < n} e A( It follows that F e 
(_A4(/3o)) [_A/] . This completes the proof. □ 

It is well known that i.{Sj) — LlP for all 7 < cji (0, Proposition 4.10]). The 
indices of Tn and T'^ can be computed readily with the help of Proposition |lO| . 

Corollary 11. i {Tn) = i [T'^) = • 2. 

Before proceeding further, let us recall the relevant terminology concerning trees. 
A tree on a set A is a subset T of Uj^j^ A" such that (xi , . . . , a;„) G T whenever ri G 
N and (xi, . . . , Xn+i) G T. These are the only kind of trees we will consider. A tree 
T is well-founded if there is no infinite sequence (a:„) in X such that (xi, . . . , a;„) G T 
for all n. Given a well-founded tree T, we define the derived tree D{T) to be the set 
of all {xi, . . . , Xn) £ T such that (xi, . . . , x„, x) G T for some a; G A. Inductively, 
we let D°(T) = T, D'^+^T) = d{d°'{T)), and Z)"(r) = n/3<ai:"'(r) if a is a 
limit ordinal. The order of a well-founded tree T is the smallest ordinal o(T) such 
that D°^'^\T) = 0. If is a Banach space and 1 < < 00, an f^-iC tree on E 
is a tree T on S'(A) = {x G S : ||a;|| = 1} such that || X;r=i o-^^iW > T,i=i 
whenever (xi, . . . , Xn) G T and (a^) C K.. If _E has a basis (e^), a block tree on E 
is a tree T on so that every (xi, . . . , a;„) G T is a finite block basis of (e^). An 
£^-iir-block tree on is a block tree that is also an £^-K tree. The index I{E, K) is 
defined to be sup{o(T) : T is an i^-K tree on E}. If E has a basis (cj), the index 
Ib{E,K) is defined similarly, with the supremum taken over all £^-K block trees. 
The Bourgain i'^-tndex of E is the ordinal I{E) = snp{I{E, K) : 1 < K < 00}. The 
index Ib{E) is defined similarly. Bourgain proved that if i? is a separable Banach 
space not containing a copy of then I{E) < o^i More on these and related 
indices can be found in and 

Proposition 12. Let T be a well-founded block tree on some basis (e;) . Define 
T (T) = {{maxsuppxj : i = 1, n} : (xi, 0:2, a;„) G T} . 
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and 

g{T)^{G:3F eT{T),f -.n^n strictly increasing, such that G <Z f {F)} . 
Then i{g{T)) >o{T). 

Proof. Let ^ = o (T) . The proof is by induction on If o (T) = 1, then g (T) D {{k} : k > n} 
for some n S N. Therefore {g (T))^^^ D {0} and hence i {g (T)) > 1 = o (T) . 

Suppose the proposition holds for some ^ < wi. Let T be a well founded block 
tree with o (T) = ^ + 1. For each (x) £ T, let 

OO 

Tx ^ [J {ixi,...,Xn) ■■ {x,Xi, ...,Xn) £ T} . 

According to [|[ Proposition 4], o{T) = sup(j,)g2^ {o (T^;) + 1} . Therefore, there 
exists (xq) & T such that oiTr^.^) = ^. By the inductive hypothesis, u [g {T^.^)) > ^. 
Let ko = max supp Xq- Then G G g (T^„) implies {/cq} U G e (T) . Thus {/cq} G 

(T))^^^ . Since {g (T))^^^ is spreading, {k} e (0 (T))^^^ for all k > ko. It follows 
that e (5 (r))^^+^' . Hence l {g (T)) >^+l = o{T). 

Suppose a {T) — , where is a countable limit ordinal and the proposition 
holds for all ^ < ^o- Since o{T) > ^ for all ^ < ^o- By the inductive hypothesis, 
i(e(T)) > ^ for all ^ < Co- Hence i(5(T)) > = o (T) . This completes the 
induction. □ 

If {xk)'i!,^i iyk)k=i sequences in possibly different normed spaces, and 

n ^ n n n 

< K < OO, we write ixk)l^i h {yk)1=i to mean K WY.I^i (^kXk\\ > \\J2k=i '^kVkW 
for all (cfe) C R. 



Theorem 13. / [Ta^pj = h {Ta,f}j = 

Proo/. If h (^a./j) > then h {t^.p-.K^ > for some K > 1. Hence 

there exists an ^^-if-block tree T on fa,i3 such that o(r) = ^ > uj"+f^-'^. Given 

F e ^ {T) , there exists (a;i,a;2, ■■•,a:^n) G ^ such that = {max supp x;}"^]^. Ac- 

2 ^ 
cording to Proposition {ek)k^F — i^i7^2, ■■■,Xn) , where {ek)'kLi is the unit 

vector basis of Ta^f^. Since (xi, X2, x„) g T, (xi, X2, a;„) ^ £^ (|F|)-basis. 

2K 

Therefore, (efc)^^;^ h (|-F|)-basis for aU F G T (T) . Since it is clear that 
II ~ — lE'^fe^fcll- fo'-' i'^k) G Coo whenever / : N ^ N is strictly 

2K 

increasing, it follows that {ek)keG — ^ (|G|)-basis for all G E g (T) . By Proposi- 
tion^, [g (T))('^°^" ^ 0. Thus by § Corollary 1.2], there exists L e [N] such 
that Sa+p-uj n '^g{T). Hence, for all (ofe) e cqo and all G £ S^^+p-u, n [L]<°° , 



(5) 



feSG 



fcGG 



Choose m e N such that 2™ > 2X. According to Corollary |TT|, l = • 2 

for all i = l,2,...,m. Applying Corollary 1.2], we obtain M G [L] such that 
T[ n [M]^°° C Sa+p-m+i for all i = 1,2, m. By ||, Proposition 3.6], there exists 
F e 5a+/3.c^ (A/) C 5a+/3.a; H [M]<°° and iaj)^^p C R+ such that = 1 and if 
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G C F with G e Sa+f3;n+i, then Y^jeG % < si?- Consider x = J^jeF o-j^j ^ 

If 1 < i < m and / e J^^, then I n F e n [Af]<°° C Sa+p.m+i- Hence cr/ (x) = 

f/nF (2;) < • It follows that p- (a;) < for 1 < j < m. By Proposition |[ 



E ^ + ^ E ll^'^ll? ^ {^1' a:„+i-admissible 

i=0 I 1=1 J 



T 

i=U 

— 1 1 

i=0 

contrary to (||). This proves that /{, ^Tq, ,3^ < uj°'+f^''^. On the other hand, ac- 
cording to Proposition |^, for any n G N, ||a||~ > ||a||jc- for any a £ coo- 
By Corollary |ll|, i{!Fn) — Therefore, there exists an £^-2"— block ba- 

sis tree r„ on fa.ji with o(T„) = Hence h (Ta,^,2") > Thus 

h {Ta,p) = sup^/fc {To,,0,K^ > Lu°'+I^-'^. We conclude that (f^^p^ = i^"+/3 '^. 

As / (r„,^^ > /fc (Ta,i3^ > oj'^, it follows from 0, Corollary 5.13] that / (t„,^) 

/b (t„,^) . □ 

For the final corollary, recall that the Schreier space Xa , a < wi , is the comple- 
tion of Coo with respect to the norm ||-||^ . 

Corollary 14. Suppose a is a countable ordinal whose Cantor normal form is 
Lu°'^ ■ mi + ... + w"*" • mk- If ctk is not a limit ordinal, then there exists a Banach 
space X such that I {X) — w". 

Proof. If Q!fc = 0, then a is a successor ordinal and t {Xa^i) — cj" [^)- If afc is a 
successor ordinal, let 7 — lo"^ •mi + ...+uj°-'' • (m^ — 1) and 77 = cj"''^^. By Theorem 

|l|, / (r^^ri) = = w". □ 

Remark 15. The following analog of Proposition ^ for the space Xa, a < uii, 
holds obviously: If {xiY^^^ is a normalized block basis of the unit vector basis (e^) 
of Xa, and ki = max suppcc^, 1 < i < p, then lE^'^i^dl ^ IEf=i QiSfci II for all 
(cj) € Cqo. Therefore the arguments in Proposition n3 and Theorem O can be used 
to compute lb {Xa) (with respect to the basis (efc)). 
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